Solution of the conjecture: If n≡0(mod4), n>4, then Kn has a super vertex-magic total labeling  by Gómez, J.
Discrete Mathematics 307 (2007) 2525–2534
www.elsevier.com/locate/disc
Solution of the conjecture: If n≡0(mod 4), n>4, then Kn has a
super vertex-magic total labeling
J. Gómez
Universitat Politècnica de Catalunya, Barcelona, Spain
Received 27 July 2005; received in revised form 14 November 2006; accepted 18 January 2007
Available online 4 February 2007
Abstract
Let G = (V ,E) be a ﬁnite non-empty graph, where V and E are the sets of vertices and edges of G, respectively, and |V | = n and
|E|=e.A vertex magic total labeling is a bijection  from V ∪E to the consecutive integers 1, 2, . . . , n+e with the property that for
every v ∈ V , (v) +∑w∈N(v)(v,w) = h, for some constant h. Such a labeling is super if (V (G)) = {1, 2, . . . , n}. MacDougall,
Miller and Sugeng proposed the conjecture: If n ≡ 0(mod 4), n> 4, then Kn has a super vertex-magic total labeling (VMTL). We
prove that this conjecture holds true by means of giving a family of super VMTLs of K4l , l > 1.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction and previous results
Throughout this paper, we let G = (V ,E) be an undirected graph with vertex set V and edge set E, where |V | = n
and |E| = e. The set of neighbors of a vertex v is denoted by N(v).
A total labeling of G is a bijection
:V ∪ E −→ {1, 2, . . . , n + e}
and the associated weight of a vertex vi in G is
w(vi) = (vi) +
∑
vj∈N(vi)
(vi, vj ). (1)
If each vertex has the same weight, then the total labeling  of G is vertex-magic. In this case,
w(vi) = h. (2)
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Although magic labeling of graphs was introduced by Sedlacek [10], the concept of vertex-magic total labeling
(VMTL) ﬁrst appeared in 2002 in [8]. For a dynamic survey of various forms of graph labeling see [3]; and for
vertex-magic graphs see [12].
It is clear that the set of possible values of h that verify (2) has upper and lower bounds, see [8]. Any integer h
between these bounds is called a feasible value for h.
A VMTL  is called super if (V ) = {1, 2, . . . , n}. That is, in a super VMTL the smallest labels are assigned to the
vertices. A graph which admits a super VMTL is said to be super vertex-magic. The value of the magic constant h of a
super vertex-magic graph is the largest possible. For instance, we check that the magic constant h is the largest possible
for a super VMTL of the complete graph Kn.
Let Sv be the sum of the vertex labels and Se the sum of the edge labels. Since for the complete graphs n + e = n +
(n + n(n − 1))/2 = (n + 1)n/2 and the labels are the numbers 1, 2, . . . , (n + 1)n/2, we have as the sum of all labels
Sv + Se =
(n+1)n/2∑
i=1
i = n(n
3 + 2n2 + 3n + 2)
8
.
Notice that each label is the summand in the weight of two vertices. Therefore, adding the weight of all vertices yields
nh = Sv + 2Se = Se + n(n
3 + 2n2 + 3n + 2)
8
.
Moreover, the edges could conceivably receive the n(n − 1)/2 smallest labels or, at the other extreme, the n(n − 1)/2
largest labels, or anything between. Consequently, we have
n(n−1)/2∑
i=1
i = n(n
3 − 2n2 + 3n − 2)
8
Se
(n+1)n/2∑
i=n+1
i = n(n
3 + 2n2 − n − 2)
8
.
Hence,
n(n2 + 3)
4
h n(n + 1)
2
4
.
Thus, the magic constant for a super VMTL of Kn is the positive integer:
h = n(n + 1)
2
4
. (3)
See also [1,8].
Some properties have been studied on theVMTL of graphs and super VMTL of graphs, for example, in [1,4–9]. For
instance, a construction for a family of VMTLs of Kn is given when n is odd in [8]. Such a construction uses a pair of
orthogonal latin squares and there is scope within the application of the latin squares to provide labelings with a variety
of different magic constants, including the largest feasible values. Thus, this construction proves that Kn has a super
VMTL for any odd n.
MacDougall et al. [8] make the following conjecture:
Conjecture 1 (MacDougall et al. [8]). For each n> 4 there is a labeling for Kn for every feasible value of h.
Concerning this conjecture, apart from the mentioned paper [8], in interesting recent work, McQuillan and Smith
[9] have developed a new technique that constructs a VMTL for complete graph Kn (for n odd) for all values of h in
the feasible range.
Concerning super VMTL, observe that, according to (3) and due to the fact that n(n + 1)2/4 is not an integer, when
n=4l +2, the complete graph K4l+2, with l ∈ N, does not have a superVMTL. Moreover, it is known [8] that K4 does
not have a VMTL with magic constant 25, and therefore (by Eq. (3)) does not have a super VMTL. As a consequence,
the case that completes the study of super VMTL of Kn corresponds to K4l , l > 1.
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Two examples of super VMTLs for the graphs K8 and K12 are shown in [7]. In this context, the authors of this paper
make the following conjecture:
Conjecture 2 (MacDougall et al. [7]). If n ≡ 0(mod 4), n> 4, then Kn has a super VMTL.
The main goal of this work is to prove Conjecture 2.
To do this, a new method to obtain super VMTL is proposed in this paper. To be more precise, ﬁrstly, a super VMTL
of a graph is modiﬁed. Then, another graph is joined to the previous one and, ﬁnally, the graph added and the edges
that join both graphs are labeled in such a way that a super VMTL of the new graph is obtained. More precisely, in
Section 2, we ﬁrst recall the construction for the super magic case proposed in [9]. After that, we will show some
properties of this construction that allow us to construct a family of super VMTLs for the complete graph K4l , l > 1,
in Section 4. Section 3 is devoted to presenting a family of special magic rectangles that will also be used in Section
4. The conclusions are given in Section 5.
2. McQuillan–Smith super VMTL
The purpose of this section is to establish some foundations, as well as a few elementary propositions which will be
useful later on. The deﬁnitions and some properties in this section are essentially taken from [9], although the notation
and terminology have been slightly modiﬁed. The proofs are easy exercises which we leave to the reader.
Deﬁnition 1. If G is regular and we have the map ′ verifying:
1. ′ is a bijection from V ∪ E to {0, 1, 2, . . . , n + e − 1};
2. ′ : V −→ {0, 1, 2, . . . , n − 1};
3. w′(vi) = ′(vi) +
∑
vj∈N(vi)
′(vi, vj ) = h′
then ′ is a super pseudo VMTL for G with a pseudo-magic constant h′.
Proposition 1. If G is -regular and the map ′ is a super pseudo VMTL for G with pseudo-magic constant h′, then
we have a total labeling  of G which is vertex-magic and it has the magic constant h = h′ + + 1.
The McQuillan–Smith super VMTL MS can be presented as follows: let the complete graph Kn = (V ,E) be where
n=2m−1, m is a positive integer greater than 1, V ={v0, v1, . . . , vn−1} and E ={(vi, vj )|i = j, 0 i, jn−1}. For
any integer x, x¯ means the integer belonging to {0, 1, 2, . . . , n−1} such that x¯ ≡ x mod n. It is clear that |V ∪E|=mn.
Let p : {0, 1, 2, . . . , n − 1} −→ {0, 1, 2, . . . , m − 1} be deﬁned by
p(x) =
{
x if 0xm − 1,
n − x(=−x) if mxn − 1.
Let ′MS be the map such that
′MS(vx) = 2x,
′MS(vx, vy)) = x + y + np(x − y). (4)
This map ′MS is a super pseudo VMTL of K2m−1, see [9].
Fig. 1 gives an example of the super VMTL MS of K5. For example, (v3) = 2(3) + 1mod 5 = 2.
For instance, if n = 9, (v1, v7) = 8 + 9(3) + 1 = 36, and the labels of the edges incident to vertex v1 are shown in
Table 1.
From now on, let Uk = {k(4l − 3) + 1, k(4l − 3) + 2, . . . , (k + 1)(4l − 3)}, k ∈ {1, 2, . . . , l} be l disjoint subsets
of labels.
Proposition 2. Let n = 4l − 3, l > 1. For each vertex vi ∈ V (Kn) there exist exactly two vertices, vik and vik′ such
that MS(vi, vik), MS(vi, vik′) ∈ Uk , for each k ∈ {1, 2, . . . , 2l − 2}.
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Fig. 1. The super VMTL MS of K5.
Table 1
Labels to the edges incident to vertex v1
MS(v1, v0) MS(v1, v2) MS(v1, v3) MS(v1, v4) MS(v1, v5) MS(v1, v6) MS(v1, v7) MS(v1, v8)
11 13 23 33 43 44 36 19
Corollary 1. For each i ∈ {1, 2, . . . , 4l − 3} the disjoint subsets Ua =⋃l−1k=1Uk and Ub =⋃2l−2k=l Uk contains exactly
2(l − 1) labels of the form (vi, vj ).
For example, in the case given in Table 1 for K9, MS(v1, v0), MS(v1, v2), MS(v1, v3), MS(v1, v8) ∈ Ua =
{10, 11, 12, . . . , 27} whereas MS(v1, v4), MS(v1, v5), MS(v1, v6), MS(v1, v7) ∈ Ub = {28, 27, 30, . . . , 45}.
The modiﬁcations of the labels of the two disjoint sets of labels Ua and Ub, in order to obtain a super VMTL of K4l
in Section 4, will be different for the two subsets.
In the next section, a family of special rectangles 3 × n is proposed, which will be very useful for constructing a
family of super VMTLs of K4l .
3. The special rectangles R(3, n)
A magic rectangle is a m × n array, whose entries are the ﬁrst mn positive integers, whose rows have constant sum
and whose columns have constant sum, see [2,11]. Now we need to give more deﬁnitions.
Deﬁnition 2. For m = 3 and odd n, an almost magic m × n rectangle is a 3 × n array, whose entries are the ﬁrst 3n
positive integers, whose columns have constant sum and whose second and third rows have let us say the same sum k,
but the ﬁrst row sum is k − 3n.
We denote the entry (i, j), i ∈ {0, 1, 2}, j ∈ {0, 1, . . . , n − 1} of an almost magic rectangle by ci,j .
Deﬁnition 3. For m = 3 and odd n, a pseudo almost magic m × n rectangle is a 3 × n array, whose set of entries is
{0, 1, 2, . . . , 3n − 1}, whose columns have constant sum and whose second and third rows have let us say the same
sum k, but the ﬁrst row sum is k − 3n.
We denote the sum of the row i ∈ {0, 1, 2} of a pseudo almost magic rectangle by Rsi , the sum of the column
j ∈ {0, 1, . . . , n − 1} by Csj , and the entry (i, j) by bi,j .
Deﬁnition 4. For m = 3 and odd n, a prepseudo almost magic m × n rectangle is a 3 × n array, whose set of entries
is {0, 1, 2, . . . , 3n − 1}, whose columns have constant sum and whose second row have sum k′ say, and the ﬁrst and
third row sums are k′ − n and k′ + n, respectively.
We denote the sum of the row i ∈ {0, 1, 2} of a prepseudo almost magic rectangle by Rpi , the sum of the column
j ∈ {0, 1, . . . , n − 1} by Cpj and the entry (i, j) by ai,j .
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Observation 1. The rectangle obtained from an almost magic 3 × n rectangle by means of the permutation of some
columns is also an almost magic rectangle. The same holds for pseudo almost magic 3×n rectangles and for prepseudo
almost magic 3 × n rectangle.
Our aim is to design almost magic rectangles for m=3 and odd n. This type of rectangle will be used to obtain super
VMTLs of K4l , l > 1.
Theorem 1. For each odd positive integer n there exists at least one prepseudo almost magic 3 × n rectangle.
Let us consider the 3 × n array P(3, n) whose entries ai,j , i ∈ {0, 1, 2} and j ∈ {0, 1, . . . , n − 1}, are:
• a0,j = 3j mod 3n;
• a1,j = −6j − 2mod 3n;
• a2,j = 32 (n − 1) + 3j + 2mod 3n.
According to the previous deﬁnition and the fact that the numbers 6 and n (odd n) are mutual prime numbers, row i
contains the numbers 3j + i mod 3n, where j ∈ {1, 2, . . . , n}. Concerning the sum of the columns Rpj we distinguish
two cases:
• 0j(n − 1)/2:
C
p
j = 3j + 3n − 2 − 6j + 3
n − 1
2
+ 3j + 2 = 9n − 3
2
,
• (n + 1)/2jn − 1:
C
p
j = 3j + 6n − 2 − 6j − 3n + 3
n − 1
2
+ 3j + 2 = 9n − 3
2
.
Finally, we have
• For i = 0:
R
p
0 =
0 + 3n − 3
2
n = 3n − 3
2
n.
• For i = 1:
R
p
1 =
1 + 3n − 2
2
n = Rp0 + n.
• For i = 2:
R
p
2 =
2 + 3n − 1
2
n = Rp1 + n.
We denoted the family of prepseudo magic rectangles put forward in the previous proposition by P(3, n).
Table 2 provides the prepseudo magic rectangle P(3, 5).
Theorem 2. For each odd n5 there exists at least one pseudo magic 3 × n rectangle.
Table 2
The prepseudo magic rectangle P(3, 5)
0 3 6 9 12
13 7 1 10 4
8 11 14 2 5
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Table 3
The rectangle S(3, 5)
0 3 1 9 12
13 7 6 10 4
8 11 14 2 5
Table 4
The rectangle S(3, 7)
19 3 7 1 12 10 4
0 13 6 9 16 15 18
11 14 17 20 2 5 8
Table 5
The rectangle S(3, 11)
31 3 19 13 7 1 28 22 16 10 4
0 25 6 9 12 15 18 21 24 27 30
17 20 23 26 29 32 2 5 8 11 14
Table 6
The rectangle S(3, 13)
0 3 6 9 13 15 18 21 24 27 16 33 36
37 31 25 19 12 7 1 34 28 22 30 10 4
20 23 26 29 32 35 38 2 5 8 11 14 17
From the family of rectangles P(3, n) we deﬁne the 3 × n rectangle S(3, n). To be more precise, most of the entries
of the rectangle S(3, n), bi,j , will be equal to the entries of P(3, n), ai,j , in many cases and, in other cases, we will
permute two rows as well. Finally, only the case n = 3p will be dealt with in a special way. Let q be a nonnegative
integer and n an odd integer such that n5. We distinguish the following cases:
• n=18q+5:With the permutation:b0,8q+2=a1,8q+2 andb1,8q+2=a0,8q+2,which in shortwedenote by (0, 8q+2 ←→
1, 8q+2), we haveRs0=Rp0 +a1,8q+2−a0,8q+2=Rp0 +3(18q+5)−2−6(8q+2)−3(8q+2)=Rp0 −18q−5==Rp0 −n.
Then Rs1 =Rp1 +18q +5=Rp1 +n and Rs0 =Rp0 −n. Therefore, Rs1 =Rs0 +3n. Table 3 shows the rectangle S(3, 5).
The numbers in bold face of Table 3 are the numbers which are in different entry in S(3, 5).
• n = 18q + 7: With (0, 5q + 1 ←→ 1, 5q + 1), (0, 9q + 4 ←→ 1, 9q + 4) and the permutation of rows 0 and 1, we
have: Rs1 = Rp0 + a1,5q+1 − a0,5q+1 + a1,9q+4 − a0,9q+4 = 3(18q + 7) − 2 − 6(5q + 1) − 3(5q + 1) + 6(18q +
7) − 2 − 6(9q + 4) − 3(9q + 4) = Rp0 + 2(18q + 7). Hence, Rs0 = Rs1 − 3(18q + 7) = Rs1 − 3n. Table 4 shows the
rectangle S(3, 7).
• n= 18q + 11: With (0, 2q + 1 ←→ 1, 2q + 1) and the permutation of rows 0 and 1, we have: Rs1 =Rp0 + a1,2q+1 −
a0,2q+1=Rp0 +3(18q+11)−2−6(2q+1)−3(2q+1)=Rp0 +2(18q+11). Hence,Rs0=Rs1−3(18q+11)=Rs1−3n.
Table 5 shows the rectangle S(3, 11).
• n= 18q + 13: With (0, 7q + 4 ←→ 1, 7q + 4), and (13q + 10, 0 ←→ 13q + 10, 1), we have: Rs0 =Rp0 + a1,7q+4 −
a0,7q+4 + a1,13q+10 − a0,13q+10 = 3(18q + 13) − 2 − 6(7q + 4) − 3(7q + 4) + 6(18q + 13) − 2 − 6(13q + 10) −
3(13q + 10) = Rp0 − (18q + 13). Hence, Rs0 = Rs1 − 3n. Table 6 shows the rectangle S(3, 13).• n = 18q + 17: With (0, 14q + 13 ←→ 1, 14q + 13) (observe that 14q + 13(n + 1)/2), we have: Rs0 = Rp0 +
a1,14q+13−a0,14q+13=Rp0 +6(18q+17)−2−6(14q+13)−3(14q+13)=Rp0 −(18q+17). Hence,Rs0=Rs1−3n.• n = 18q + 19: With (0, 3(q + 1) ←→ 1, 3(q + 1)), (0, 5(q + 1) ←→ 1, 5(q + 1)) and the permutation of rows 0
and 1, we have: Rs0 =Rp0 +a1,3(q+1) −a0,3(q+1) +a1,5(q+1) −a0,5(q+1) =3(18q +19)−2−6(3(q +1))−3(3(q +
1))+ 3(18q + 19)− 2− 6(5(q + 1))− 3(5(q + 1))=Rp0 + 2(18q + 19). Hence, Rs0 =Rs1 − 3(18q + 7)=Rs1 − 3n.• n = 3p, odd p3: We now construct a family of S(3, 3p) rectangles constructively.
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Table 7
Rectangle S(3, 9)
14 19 6 7 1 15 5 8 24
25 3 13 23 12 2 16 21 11
0 17 20 9 26 22 18 10 4
Table 8
The rectangle S(3, 15)
0 3 1 9 12 30 33 31 39 42 15 18 16 24 27
28 22 21 25 19 13 7 6 10 4 43 37 36 40 34
38 41 44 32 35 23 26 29 17 20 8 11 14 2 5
Firstly, according to the previous cases, it sufﬁces to offer a S(3, 9) rectangle. Table 7 shows one such rectangle.
Now, we assume that there exists a P(3, p) rectangle with entries bi,j , and we are going to give the rectangle
P(3, 3p).
We generate an 3 × 3p array as a row, Υ0, Υ1, Υ2 of 3 (3 × p) array, whose entries are now bi,j,k , k ∈ {0, 1, 2},
constructed as follows: bi,j,k =bi,j + ((i − k)mod 3)3p. The reader can check that the array so constructed is a pseudo
almost magic 3 × n rectangle.
For example, Table 8 provides the rectangle S(3, 15) obtained by means of the method proposed in this section and
using the rectangle given in Table 3. This rectangle can be used to construct a pseudo magic 3 × 45 rectangle.
Corollary 2. For each odd integer n5 there exists at least one almost magic rectangle.
Proof. It sufﬁces to take the entry (i, j) of the almost magic rectangle A(3, n), ci,j = bi,j + 1, where bi,j is the entry
(i, j) of the pseudo almost magic rectangle P(3, n). 
Moreover, the reader can check the following observation.
Observation 2. There is no pseudo magic rectangle P(3, 1) and no almost magic rectangle A(3, 1).
4. A super VMTL of K4l
In this section, a super VMTL of K4l , for l > 1, is put forward.
Theorem 3. If n ≡ 0(mod 4), n> 4, then Kn has a super VMTL.
Proof. Our proposal is as follows:
Let us consider the super VMTL of K4l−3 MS presented in [9] (see also Section 2), and the almost magic rectangle
A(3, 4l − 3) put forward in Section 3. We are going to join a graph K3 to the labeled K4l−3, thus obtaining a labeled
complete graph K4l . We will increase the labels of the vertices and the edges of K4l−3, but not in the same way. For
instance, concerning the labels, we will distinguish if they belong to the set of labels Ua or to Ub. To be more precise,
we deﬁne the map
:V ∪ E −→ {1, 2, . . . , 2l(4l + 1)}
in the following way:
• Labeling of vertices of K4l−3: The labeling of vertex vx ∈ K4l−3, now has the value (vx) = MS(vx) + 3.
• Labeling of edges of K4l−3: We distinguish two cases when labeling the edges.
1. MS((vx, vy)) ∈ Ua . In this case, ((vx, vy)) = MS((vx, vy)) + 3.
2. MS((vx, vy)) ∈ Ub. Where Ua =⋃l−1k=1Uk , Ub =⋃2l−2k=l Uk and Uk ={k(4l − 3)+ 1, k(4l − 3)+ 2, . . . , (k +
1)(4l − 3)}, see Section 2. Now ((vx, vy)) = MS((vx, vy)) + 12l − 3.
2532 J. Gómez / Discrete Mathematics 307 (2007) 2525–2534
4l2 + 9l - 4 4l2 - 3l + 4
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Fig. 2. Labeling of vertices and edges of K3.
Fig. 3. Distribution of labels of vertices and edges of K3 and K4l−3, and inter-copy edges.
• Labeling of vertices and edges of K3. This is shown in Fig. 2.
• Labeling of edges that join vertices of K3 with vertices of K4l−3 (inter-copy edges). We label the edge that joins
the vertex whose label is i ∈ K3 with the vertex whose label is j in K4l−3 with the entry (i, j) of A(3, 4l − 3) plus
4l2 − 3l + 4, for i = 1, 2, 3; and j = 1, 2, . . . , 4l − 3.
It is clear that  is a bijection. See Fig. 3.
Moreover, to check that  is a super VMTL, four cases are distinguished.
• (v) = 1:
w(v) = (v) +
∑
vj∈N(vi)
(vi, vj )
= 1 + (4l2 + 9l − 4) + (4l2 + 9l − 3)
+ 1 + 3(4l − 3)
2
(4l − 3) − 2(4l − 3) + (4l − 3)(4l2 − 3l + 4)
= 8l2 + 18l − 6 + (4l − 3)(4l2 + 3l − 2)
= 16l3 + 8l2 + l = l(4l + 1)2 = n(n + 1)
2
4
.
• (v) = 2:
w(v) = 2 + (4l2 − 3l + 4) + (4l2 + 9l − 3) + 1 + 3(4l − 3)2 (4l − 3) + (4l − 3)
+ (4l − 3)(4l2 − 3l + 4) = n(n + 1)
2
4
.
• (v) = 3:
w(v) = 3 + (4l2 − 3l + 4) + (4l2 + 9l − 4) + 1 + 3(4l − 3)2 (4l − 3) + (4l − 3)
+ (4l − 3)(4l2 − 3l + 4) = n(n + 1)
2
4
.
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Table 9
A super vertex magic total labeling for K8
1 2 3 4 5 6 7 8
1 1 31 30 15 18 16 24 27
2 31 2 14 28 22 21 25 19
3 30 14 3 23 26 29 17 20
4 15 28 23 4 35 10 13 34
5 18 22 26 35 5 36 11 9
6 16 21 29 10 36 6 32 12
7 24 25 17 13 11 32 7 33
8 27 19 20 34 9 12 33 8
• (v) ∈ {4, 5, . . . , 4l}:
w(v) = w(v) + 3 + 3(2l − 2) + (12l − 3)(2l − 2) + 31 + 3(4l − 3)2 + 3(4l
2 − 3l + 4)
= (4l − 3)(4l − 2)
2
4
+ 3 + 12l(2l − 2) + 3(4l2 + 3l)
= (n − 3)(n − 2)
2
4
+ 3 + 6nn − 4
4
+ 3n
2 + 3n
4
= n(n + 1)
2
4
. 
Table 9 shows a super vertex magic total labeling for K8 proposed in this work.
The super VMTL shown in Table 9 for K8 is different from the super VMTL for K8 given in [7].
Observation 3. Since there is no almost magic 3× 1 rectangle, according to Observation 2, we cannot use Theorem 3
to construct a super VMTL for K4, which agrees with the known result that the complete graph K4 does not have any
super VMTL.
5. Conclusions
A new method to obtain super VMTL is proposed in this paper. We have applied this method to the complete graph
K4l−3, l > 1, obtaining a super VMTL for K4l , l > 1. This result completes the study of which complete graphs have
a super VMTL, and proves the conjecture proposed by MacDougall et al. [7]: If n ≡ 0(mod 4), n> 4, then Kn has a
superVMTL. Moreover, in fact, according to Observation 1, for each l > 1, we have put forward various superVMTLs
of K4l .
Finally, although we have solved Conjecture 2, Conjecture 1 is still open in a large number of cases.
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